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Abstract

In stably and unstably stratified fluid layers there are often highly anisotropic and counter gradient heat fluxes occurring. Standard
heat flux models as the isotropic k–e–rt model need to be improved for representing such behaviour. More complex algebraic models or
even in some cases the full transport equations for the turbulent heat fluxes are therefore required. There, a triple correlation appears as
an important closure term in the turbulent diffusion. Usually, this is modelled following Daly and Harlow, which has already been found
to be not sufficiently accurate in buoyant flows. In this paper, some of the salient features of an internally heated fluid layer (IHL) and of
Rayleigh–Bénard convection (RBC) are discussed basing on direct numerical simulation (DNS) data. In IHL a counter gradient heat flux
occurs over a wide region. The transport equation for the triple correlation is analyzed using the DNS data. Based on this study a Rey-
nolds-Averaged Navier Stokes (RANS) model for this closure term is derived which covers the influence of the fluid Prandtl number (Pr)
and of buoyancy. The model is validated using the DNS data of both RBC and IHL for different Rayleigh and Prandtl numbers.
� 2008 Elsevier Inc. All rights reserved.
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1. Introduction

It is well known that the commonly used k–e–rt type
turbulence models need improvement for numerically
investigating fluid flow involving buoyancy influences with
unstable and stable thermal stratification. Such models are
basing on gradient diffusion, assume isotropic turbulent
diffusivities for momentum and heat, and apply the Rey-
nolds analogy to approximate the turbulent diffusivity for
heat by means of a turbulent Prandtl number rt. One prob-
lem occurs in the turbulent heat flux model: The turbulent
Prandtl number is widely considered to be constant;
instead it depends on many parameters, see e.g. Kays
(1994). Here in stratified flows it depends especially on
the Richardson number (Venayagamoorthy et al., 2003).
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As often counter gradient and strongly anisotropic heat
fluxes are involved, more complex models need to be used
as discussed in Launder (1988), Hanjalić (2002) and Grötz-
bach (2007). These are, e.g. algebraic approximations as in
Launder (1988), Otić and Grötzbach (2007), or second
order models basing on the transport equations for the tur-
bulent heat fluxes as deduced e.g. in Donaldson (1973). In
the turbulent heat flux equations the triple correlation
u0ju
0
kT 0 appears as an important closure term in the turbu-

lent diffusion.
The other problem occurs in the turbulent shear stress

model, because all practically relevant models are basing
on the k-equation for the turbulent kinetic energy which
needs improvement for partially stably stratified flows: Fol-
lowing suggestions by Moeng and Wyngaard (1989) a way
to improve the standard model by introducing buoyancy
effects in the modelling of turbulent diffusion of k has been
discussed in Chandra (2005). Considering the unusual
dominance of the pressure term in the k-diffusion in Ray-
leigh–Bénard convection with or without imposed shear
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Fig. 1. Vertical profiles of the mean temperature analyzed from DNS;
IHL9 (s), RBCA (�).
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effects as shown by Domaradzki and Metcalfe (1988) and
Wörner and Grötzbach (1998), a separate model for the
pressure-velocity fluctuation correlation has been derived
by Chandra and Grötzbach (2007a). Using the transport
equation for the velocity-fluctuation triple correlation its
buoyancy-extended model is obtained by Chandra and
Grötzbach (2007b). There, the triple correlation u0ju

0
kT 0 also

appears as closure term in the buoyancy contribution.
The current status of modelling of this triple correlation

especially for the turbulent heat flux diffusion can be found
e.g. in Launder (1989), Dol et al. (1999) and Hanjalić
(2002), to name a few. They have given a broader review
on the modelling for turbulent stresses and heat fluxes for
complex or buoyancy influenced flows. Daly and Harlow
(1970) proposed a model which is widely used. A model
for meteorological applications is deduced in Donaldson
(1973).

Lai and So (1990) compared some of the models going
back to the Launder-school in practical channel flow appli-
cations and concluded that the modelling would not be
critical. In contrast, for liquid metal flows modelling exten-
sions are required, see e.g. in Carteciano and Grötzbach
(2003). And for buoyancy dominated flows at Prandtl
numbers different from one the DNS analyses by Wörner
and Grötzbach (1995) and Wörner et al. (1997) also show
that the current modelling is insufficient so that a model
adaptation to low Prandtl number flows is proposed.

To deduce an improved model for u0ju
0
kT 0 for convection

in horizontal fluid layers, which accounts for the high
anisotropy in buoyant flows, the next section explains some
of the flow features of an internally heated fluid layer (IHL)
and of Rayleigh–Bénard convection (RBC). These flows
are used as vehicles for investigating this higher order cor-
relation. The subsequent section will be presenting the der-
ivation of the model for this correlation basing on a
detailed study of its transport equation using DNS data.
Finally, a validation of the derived model will be presented.

2. Flow types and modelling requirement

2.1. Flow type specifications

The analysis and modelling in this work is based on
DNS data for two buoyant horizontal fluid layers, the stan-
dard RBC and the less common IHL. In this section both
are shortly introduced and some of the salient features are
analyzed. In RBC, the fluid layer between two infinite hor-
izontal isothermal walls is heated uniformly from below
and cooled from above. In IHL the fluid is internally
heated by a uniform volumetric energy source and cooled
by keeping both walls at a lower temperature than the fluid
confined in-between; see the vertical time-mean tempera-
ture profiles in Fig. 1. A review on the details of the convec-
tive heat transfer in IHL is given by Kulacki and Richards
(1985). The IHL may be considered as a representative of
flow behaviour e.g. in chemically exothermal reactive flows,
in nuclear reaction driven flows in stars, or even in the con-
vective planetary boundary layer. Consequently, models
that are developed for IHL may be adapted to numerical
investigations e.g. of environmental and of certain chemical
process flow problems.

The flows are characterized by the external Rayleigh
number RaE ¼ gcDT wD3=ðmjÞ for RBC and by the internal
Rayleigh number RaI ¼ gc qvD5=ðmjkÞ for IHL, where g is
the gravity acceleration, c is the volume expansion coeffi-
cient, DTw is the wall temperature difference, D is the wall
distance, qv is the volumetric heat source, k is the thermal
conductivity, m and j are the diffusivities for momentum
and thermal energy, respectively. The Prandtl number of
the fluid is Pr = m/j. Hereafter, external and internal Ray-
leigh numbers are referred to as Rayleigh number Ra .

For analysing the DNS results, following the standard
approach homogeneity is assumed in the horizontal planes
X1–X2; thus, the statistical averaging is computed over
these planes and over time. Such quantities and their fluc-
tuations are denoted by standard over-bar ðÞ and ()

0
,

respectively. In all figures these are shown by h i and ()00.
Consequently, the heat transfer in each fluid layer reduces
to a one-dimensional problem depending only on the verti-
cal co-ordinate X3. Also there is no horizontal mean flow,
therefore the mean shear vanishes.

The results are made dimensionless by using the follow-
ing scales: For length scale the fluid layer height D is used,
for temperature scale the wall temperature difference DTw,
for velocity scale u0 = (gcDTwD)1/2, and for pressure scale
ðqu2

0Þ is used with q as the density. In IHL DTw means its
maximum value across the height of the fluid layer. This
value is problem dependent; it is estimated a priori using
the Damköhler number Da ¼ qvD2=ðkDT wÞ. For fully
developed convection one gets Da = Nub + Nut which is
computed from available correlations for the Nusselt num-
ber Nub at the bottom wall and Nut at the top wall, see e.g.
Kulacki and Richards (1985), Grötzbach (1987), and
Schmidt et al. (1997). The present scaling results in
Re ¼ u0D=m ¼

ffiffiffiffiffiffi
Gr
p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ra=Pr

p
. In this study, the time aver-

aged turbulent kinetic energy and its dissipation are
denoted by E0 and e0 instead of k and e, respectively.
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Fig. 2. Vertical profiles of the mean turbulent heat flux analyzed from
DNS; IHL9 (s), RBCA (�).
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2.2. DNS analysis of IHL and RBC

The three-dimensional time-dependent TURBIT code
has been employed for performing and analysing the
DNS of RBC and IHL, see Grötzbach (1987). It is based
on a finite volume method of second order. An Euler–
Leapfrog Crank Nicolson scheme is applied for integration
in time, see e.g. Wörner (1994) for more details. Results
obtained are already validated and intensively used for
RBC in different fluids, e.g. in Grötzbach (1983), Wörner
(1994), and Otić et al. (2005), and for IHL e.g. in Grötz-
bach (1987), (1989), Wörner et al. (1997), and Chandra
(2005).

Table 1 gives the specifications for the DNS that are the
basis for numerically investigating the two different buoy-
ant flows, IHL and RBC. The table reveals that the above
DNS are performed for water (Pr = 7) and air (Pr = 0.71).
Their validations are available in the respective sources. In
the figures IHL with Ra = 5 � 106, 107, 108, 109 and RBC
with air are represented by IHL6, IHL7, IHL8, IHL9 and
RBCA, respectively. All these DNS use finer grids than fol-
low from the spatial resolution requirements as proposed
by Grötzbach (1983). Special attention has been given to
avoid truncation of large scales by the periodic boundary
conditions which are used in both horizontal directions,
because both flow types react very sensitive on large scale
truncation. This is inferred by analyzing the two point cor-
relation coefficients in the horizontal direction for the
velocity fluctuations. In all these simulations these coeffi-
cients remain close to zero for a distance of half the length
of the horizontal extension L1 of the computational
domain, see e.g. Grötzbach (1989) and Chandra (2005).

The vertical statistical mean temperature profiles of IHL
and RBC are shown in Fig. 1. In this and subsequent fig-
ures X3 = 1 and X3 = 2 indicate the positions of the lower
and upper walls, respectively. This figure depicts the
increase in temperature along the height in case of IHL that
attains its maximum close to the upper wall. Therefore,
most of the height of the fluid layer is stably stratified
and only a small portion of the fluid layer close the upper
wall is unstably stratified. From there cold plumes plunge
downward into the hot core of the fluid layer; see e.g.
Kulacki and Richards (1985), Wörner et al. (1997, 1998).
The unstable stratification drives this vertical heat and
momentum exchange, whereas the stable stratification
attenuates this process. The standard k–e type RANS mod-
Table 1
DNS specifications

Flow type Ra Pr Domain size L1 � L2 � D

IHL 5 � 106 7 5 � 5 � 1
IHL 107 7 5 � 5 � 1
IHL 108 7 4 � 4 � 1
IHL 109 7 4 � 4 � 1
RBC 6.3 � 105 0.71 7.92 � 7.92 � 1
els are found to be not suitable for accounting such damp-
ing effect of stable stratification, see e.g. Davidson (1990),
Hattori and Nagano (2007). In RBC the decrease in tem-
perature along the vertical direction reveals that the fluid
layer at this Ra is everywhere unstably stratified.

One of the important features of these flows can be
explained based on their vertical profiles of the statistical
mean temperature in Fig. 1 and of the turbulent heat fluxes
as shown in Fig. 2. This reveals, indeed most of the height
of the fluid layer in IHL is having a positive heat flux,
which means an upward directed heat transport towards
the temperature maximum; thus, a counter-gradient heat
flux occurs as was already discussed in Grötzbach (1987)
for a lower Ra. As a consequence, any gradient type heat
flux model, and so also the turbulent Prandtl number con-
cept, will fail to predict the heat flux in this flow type. In
RBC the statistical turbulent heat flux is almost homoge-
nous, leaving the near wall regions. Nevertheless, the stan-
dard gradient diffusion heat flux model also fails to predict
this homogeneous flux in RBC, see e.g. in Otić and Grötz-
bach (2007). Also from Hattori and Nagano (2007) the
need of improvements in the standard k–e type RANS
models for the turbulent momentum transfer can be
inferred to achieve a more accurate description of the sta-
bly stratified boundary layer.

The vertical profile of the statistical turbulence kinetic
energy in Fig. 3 demonstrates its strong vertical in-homoge-
neity in IHL even at this high Ra. This is consistent with
Grid Source

100 � 100 � 35 Schmidt et al. (1997), Wörner et al. (1997)
128 � 128 � 39 ’’
160 � 160 � 55 ’’
320 � 320 � 77 Chandra (2005)
200 � 200 � 39 Wörner (1994)
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Fig. 3. Vertical profiles of the mean turbulent kinetic energy analyzed
from DNS; IHL9 (s), RBCA (�).
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the strong damping effect in the stably stratified region. In
RBC, the distribution is almost homogeneous along the
height of the fluid layer away from the near wall regions.
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Fig. 4. Profiles of the partial derivatives of triple correlation and its
modelled values from Eq. (1) for IHL7 & RBCA analyzed from DNS;
DNS (j), DH (s).
2.3. Modelling requirement

The most general models, which should be capable of
reproducing counter gradient heat fluxes, are second order
models like introduced e.g. by Donaldson (1973) or like it
is used in a CFD code by Carteciano and Grötzbach (2003)
in combining a first order low-Reynolds number k–e model
with a full second order turbulent heat flux model. In the
transport equations for the turbulent heat fluxes the turbu-
lent diffusion appears as one of the closure terms. This con-
sists of the partial derivatives of a triple correlation of
velocity-temperature fluctuation u0ju

0
kT 0 and of a pressure-

temperature fluctuation correlation p0T 0. Usually they are
modelled together by the Daly and Harlow (1970) approx-
imation for the triple-correlation by almost neglecting the
contribution from the pressure term as indicated in Laun-
der (1989). It has already been shown by Chandra (2005)
in modelling the analogous turbulent diffusion of kinetic
energy that the involved pressure correlation term needs
special attention in buoyant flows. Keeping this require-
ment and the statistical horizontal homogeneity of the con-
sidered flows in view, the present paper describes one way
to improve the Daly and Harlow model for a separate
modelling of u02j T 0 along the vertical direction indicated
by j = 3.

Following simplification is used for analysing models
and for deriving the extended model for u023 T 0:

A: The flow types are horizontally homogeneous (x1 and
x2 derivatives are statistically zero) and there is no horizon-
tal mean flow so that these flows are shear free in the cur-
rent averaging method.

The widely used Daly and Harlow model (here-
after referred to as DH) for u023 T 0 using simplification A
becomes:
u023 T 0 � �Ch
E0

e0
2u023

ou03T 0

ox3

þ u03T 0
ou023
ox3

 !
ð1Þ

Generally, Ch is considered as constant coefficient with a
value between 0.05 and 0.11. On the other hand Dol et al.
(1997) had shown that this is not a constant and even can
attend much higher values. A similar behaviour is observed
by Wörner et al. (1997) in which they found that this coef-
ficient needs to be increased by almost 100 times in IHL at
Ra = 108.

The analysis of the DNS data in Fig. 4 reveals that
this model may only be partially accepted in predicting
the vertical positions of minima near the walls for
RBC, but it is certainly inadequate for IHL. Here
Ch = 0.11 is used. It can be inferred from this compari-
son that the DH model needs both qualitative and quan-
titative improvement in these flow types. Moreover,
special attention should be given for modelling stably
stratified fluid layers as in IHL. Further on, there are
indications in literature that the involved coefficient
may even depend on parameters like turbulence Rey-
nolds number, Res ¼ E02=ðme0Þ. Thus, there are possibili-
ties and needs to improve the existing DH model as
given in Eq. (1).
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3. Mathematical modelling

In this section one way is described to improve the
model for the triple correlation.
3.1. Analysis of transport equation

As a first step in the derivation of the model for u023 T 0, its
transport Eq. (2) as given in Dol (1998) has been analyzed
using DNS data of IHL and RBC at different Ra and Pr.
Using the present scaling, Ra/(Re2Pr) = 1. All the terms
except the production due to Reynolds stresses and convec-
tion are closure terms. In the considered horizontal fluid
layers, these two terms reduce to zero using the present sta-
tistical averaging.

ð2Þ

Production due to the Reynolds stresses and turbulent
heat fluxes (ProS), the turbulent transport (TurbT) and
the dissipation (D) are generally used for deriving the DH
model for heat fluxes as given in Eq. (1). Additionally, there
are terms which can be significant in the different flow types.
Therefore, all the terms in Eq. (2) that remain at the steady
state are analyzed as shown in Fig. 5. The DNS analyzed
data for the triple correlation u023 T 0 are shown in Fig. 6.

The data in Fig. 5 include the budget or out of balance of
the transport Eq. (2) which is calculated using all terms. This
term is smaller than most other terms. This confirms that the
flow is nearly fully developed, that Eq. (2) should be correct,
and that the equation is also numerically correct realized in
the analyzing software of the TURBIT code system.

The investigation of all other terms depicts the diffi-
culty involved in classifying the terms in the transport
equation, e.g. the production due to stresses and heat
fluxes and dissipation show positive and negative contri-
butions in certain regions. These regions are not always
consistent with those, in which positive or negative val-
ues for u023 T 0 occur, see Fig. 6. Thus, a separation of
important terms by the formal classification may not
be very useful for modelling, because it has to be con-
cluded that other terms obviously also give considerable
contributions. It can be inferred that, unlike the trans-
port equations for second-order correlations, the equa-
tion for third-order correlations poses more challenges
in modelling the involved closure terms.

The only practical way of developing a model is to iden-
tify those terms in Fig. 5 which may have higher impor-
tance based on their DNS analysis. This strategy has
been employed in the present case. The production due
to Reynolds stresses and turbulent heat fluxes (ProS) and
the turbulent transport (TurbT) have higher significance
in RBC than in IHL. In accordance with the strong tem-
perature gradient (see Fig. 1) the respective production
term ProT is important close to the walls in both flows.
The contributions of buoyancy (ProB) and dissipation
(D) are comparable in IHL. Also it can be inferred that a
part of the production of the triple correlation is due to
ProB in both flow types. The significance of pressure-trans-
port (Dput) and strain (Pdut) near the walls in RBC can be
justified to both the presence of a local region of high pres-
sure fluctuations and of the turbulent heat flux.

Special attention should be given to the molecular contri-
bution (M) in the near wall region. The occurrence of 1/Pr in
the molecular (M) and dissipative terms (D) shows that their
contribution will be enhanced in liquid metals, see Eq. (2).
Therefore, these observations reveal that in addition to the
production due to Reynolds stresses (ProS), turbulent trans-
port (TurbT) and dissipative terms (D), the production due
to the temperature gradient (ProT), buoyancy contribution
(ProB) and molecular terms (M) should be included in a
model for u023 T 0.

3.2. Modelling of u023 T 0

In order to obtain the RANS model for u023 T 0 using its
transport equation as given in Eq. (2), beside the simplifica-
tion A following assumptions are employed:
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Fig. 5. Vertical profiles of all terms in Eq. (2) for IHL7 in (a, b) and RBCA in (c, d) analyzed from DNS; ProS (j), -ProT (s), -TurbT (�), ProB (+), Mol
(e), Pdut (J), -Dput (-), -D (.) and Budget (4), see also Chandra and Grötzbach (2007b).

Fig. 6. Vertical profiles of triple correlation analyzed from DNS; IHL7
(s) and RBCA (�).
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– As the flow types are shear free, convection and produc-
tion due to mean shear vanishes.

– Following a similar approach as in Hanjalić and Laun-
der (1972) the pressure term (P) is modelled as in Rotta
(1951) and the dissipative terms (D) are modelled as a
relaxation term as in Zeman and Lumley (1976),

P � D � �C
u023 T 0

s
;

with C as a coefficient. Here, typically the turbulent time
scale of the velocity fluctuations s ¼ E0=e0 is used.

– The higher-order correlation in the turbulent transport
TurbT is modelled as in Hanjalić and Launder (1972),

u023 u0kT 0 � ðu023 u0kT 0Þ þ 2ðu03u0k u03T 0Þ:

– Using simplification A gives:

ProS� TurbT ¼ � 2u023
ou03T 0

ox3

þ u03T 0
ou023
ox3

 !
:

– As a first extension, the contribution of buoyancy ProB
and production due to temperature gradient ProT will
be introduced analogous to the turbulent diffusion of
the temperature variance as in Dol et al. (1999).

– Considering high Re and moderate Pr the molecular
terms (M) are not included.

– Assuming fully developed convection in the steady state,
introducing the above simplifications in Eq. (2) and
rearranging results in:

u023 T 0 � �C0h1

E0

e0
2u023

ou0
3
T 0

ox3
þ u03T 0

ou02
3

ox3

þu033
oT
ox3
� 2 Ra

Re2Pr
u03T 02

0
@

1
A: ð3Þ

If the mean velocity gradients are not negligible then
their contributions to the production and convection as
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shown in Eq. (2) have to be included in the model which
needs additional investigations. In Eq. (3) C0h1 � 1=C is a
coefficient. Considering the observations of Dol et al.
(1997), Wörner et al. (1997) and Chandra (2005),
C0h1 � Ch1=Reb

s with b � 0.52 and Ch1 � 0.25 is used here.
This dependence on the turbulence Reynolds number is
consistent with the directions by Daly and Harlow (1970)
and by Launder (1989). As an example, this behaviour
has been shown in Fig. 7b for IHL at a certain height point.
Same values of parameters are used for RBC in which the
statistical turbulent heat flux is mostly homogeneous along
the height of the fluid layer. It may be expected that a func-
tional description of b on height could be even more
accurate.

Moreover, Fig. 7a reveals that the DNS analyzed values
of the turbulence Reynolds number Res are having differ-
ent order of magnitudes in IHL and RBC. This is consis-
tent with the damping and driving influence of stable and
unstable thermal stratification on the turbulence mixing,
respectively.

The new model as in Eq. (3) will be referred to as Daly
and Harlow Extended model (DHE). The DH model as in
Eq. (1) contains only the first two terms on the rhs of the
DHE model. The DHE model also includes the production
due to the mean temperature gradient and the contribution
of buoyancy. In this model the last two closure terms
involve the higher-order correlations u033 and u03T 02. The first
one may be modelled according to Launder (1989) as it is
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indicated by ‘Mod’ in Eq. (4). Combining his model with
Eq. (3) results in:

u023 T 0 � �C0h1

E0

e0

2u023
ou0

3
T 0

ox3
þ u03T 0

ou02
3

ox3

�Clu023
E0

e0
ðou023
ox3

Þ|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
Mod

oT
ox3

�2 Ra
Re2Pr

u03T 02

0
BBBBBBB@

1
CCCCCCCA

ð4Þ

Cl is the well known coefficient of the k–e model. An
improved model for the other closure term, i.e. for the tri-
ple correlation u03T 02, has been derived by Otić et al. (2005).
It is validated with DNS data of RBC at different Pr. The
triple correlation follows as the solution of the following
equation:

u03T 02 � �Ch2
2

Re
ffiffiffiffiffi
Pr
p sDxu03T 02 þ E0

2

e0
oT 02

ox3

" #

Here Ch2 is an empirical coefficient and Dx is a Laplacian
operator. For Ch2 a value of 0.11 has been preferred by
Otić et al. (2005). To account for the influence of the
molecular Prandtl number of the fluid a mixed time scale
for the velocity and temperature fluctuations is chosen:

s ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
E0

e0
T 02

e0T

s

Thus, the above model has to be complemented by the
additional transport equations for the temperature vari-
ance, as it is anyway needed for the production term due
to buoyancy in the heat flux equation, and its dissipation
e0T . The velocity-fluctuation auto-correlations u023 follow
automatically when the second order heat flux model
involving the closures (3) or (4) for the turbulent heat flux
diffusion is used in the framework of a second-order shear
stress model or when it is combined at least with a buoy-
ancy extended algebraic shear stress model.

4. Validation

The DNS data at different Ra and Pr for the discussed
flows are used for the validation of the extended DHE
model for the triple-correlation in the turbulent diffusion
of the turbulent heat flux. The results for the triple correla-
tion are given in Chandra and Grötzbach (2007b). Here,
the partial derivative of this term is used for evaluation
as it appears in the turbulent heat flux diffusion term.
The coefficient Ch = 0.11 is used in the DH model. For
the DHE model as given in Eq. (3) the employed model
coefficients are already discussed. The comparisons in
Fig. 8 clearly indicate that considerable improvement is
achieved in these flows with the extended model over the
standard DH gradient approximation. The simple model
produces not only quantitatively wrong diffusion data,
but produces even a qualitatively wrong vertical distribu-
tion in IHL. In this flow type the extended model shows
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Fig. 8. Profiles of the partial derivatives of triple correlation and its
modelled values from Eqs. (1) and (3) for IHL7 & RBCA analyzed from
DNS; DNS (j), DH (s) and DHE (D).
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better qualitative and quantitative predictions except close
to the lower wall. In RBC the DHE diffusion model reveals
its better acceptability near the walls.
5. Conclusions

The simple gradient approximation for turbulent heat
fluxes has limited application and accuracy for purely
buoyant convection, especially while dealing with counter
gradient heat fluxes. Consequently, attempts are still
ongoing to derive more accurate models. In certain buoy-
ancy driven flows, for example in the atmosphere, even
the full transport equations for the heat fluxes may be
preferred. This involves turbulent diffusion as one of
the closure terms in which a triple correlation of the
velocity-temperature fluctuation correlation appears. In
this paper an extended version of the Daly and Harlow
model for this turbulent heat flux diffusion is derived,
Eq. (3). This also includes formal contributions of buoy-
ancy and production due to temperature gradient to the
triple correlation. The influence of the molecular Prandtl
number of the fluid is also included. Subsequent valida-
tion reveals its better predictive capability compared to
the simple gradient diffusion model. The developed
extension requires an additional model for u023 , which will
anyway be available when the second order heat flux
model is combined with a second order shear stress
model or with an algebraic shear stress model as e.g. in
Launder et al. (1975). In addition a closure for u03T 02 is
needed, as e.g. by Otić et al. (2005). Thus, even the mod-
elled heat flux equations require special assumptions
accounting for the large anisotropy which are inherent
to buoyant flows.

The discussed DHE model for u023 T 0 also occurs in the
buoyancy extended diffusion model for the k equation,
see Chandra and Grötzbach (2007b). This means, the
new DHE model not only allows for better treatment of
the turbulent diffusion in all second order heat flux models,
but also for a better modelling of the turbulent kinetic
energy diffusion in all k-based turbulence models for
momentum transfer. Thus, this improved modelling is of
major importance in calculations of buoyant flows.
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